Abstract The notion of m-regular system on the Hermitian variety H(n, q 2 ) was introduced by B. Segre (Ann. Math. Pura Appl. 70: 1965). Here, three infinite families of hemisystems on H(5, q 2 ), q odd, are constructed.
Introduction and basics
In [11] , regular systems of H(n, q 2 ) were introduced. A regular system of order m of H(n, q 2 ) is a set R of generators of H(n, q 2 ) with the property that every point lies on exactly m generators of R, 0 < m < α, where α denotes the number of generators of H(n, q 2 ) passing through a point of H(n, q 2 ). A regular system having the same order as its complement (in the set of all generators) is said to be a hemisystem. A regular system of H(n, q 2 ) of order m has size tm, where t is the ovoid number of H(n, q 2 ), so that t = q e + 1, where e = n if n is odd, and e = n + 1 if n is even.
In [11] , Segre proved that, if n = 3 and q is odd, a regular system of order m must be a hemisystem on H(3, q 2 ), and hence m = (q + 1)/2. He also constructed a hemisystem on H (3, 9) admitting the linear group P SL (3, 4) . See also [6] for an alternative construction. Thus, the study of regular systems allowed Segre to demonstrate that the singular points of a Hermitian surface H(3, q 2 ) cannot be partitioned by totally singular lines: it has no spread.
In [1] , the nonexistence of regular systems of H(3, q 2 ) for q even was established. A simple proof that a regular system of H(3, q 2 ) is a hemisystem (and so q is odd) was given by Thas in [13] , by showing that the concurrency graph of the lines of a regular system on H(3, q 2 ) of order m is a strongly regular graph srg (v, k, λ, μ) , with v = (q 3 + 1)(q + 1) − m, k = (q 2 + 1)(q − m), λ = q − m − 1 and μ = q 2 + 1 − m(q + 1), and by applying the fact that in an srg (v, k, λ, μ) , (v − k − 1)μ = k(k − λ − 1). Even more general was the work of Cameron-GoethalsSeidel [3] , who defined a hemisystem of a generalized quadrangle of order (s, s 2 ), s odd, to be a set of points meeting every line in (s + 1)/2 points and showed that the collinearity graph of such a set is strongly regular. Finally, in [14] , the conjecture that there are no hemisystems on H(3, q 2 ) for q > 3 was made. In [5] , counterexamples to this conjecture are constructed on H(3, q 2 ), for all odd prime powers q, admitting P − (4, q), and giving Segre's example for q = 3. All of this is motivated by the study of partial quadrangles introduced by Cameron [2] , as each hemisystem of H(3, q 2 ) gives rise to a partial quadrangle.
In this paper we construct three infinite families of hemisystems on the Hermitian variety H(5, q 2 ), q odd, admitting the orthogonal groups P 6 (q), = ±, and P 5 (q), respectively. We also present a technique of obtaining regular systems of H(n, q 2 ) starting from a regular system in higher dimensions with certain special properties.
With the aid of a computer we also found regular systems of H(5, q 2 ) for some low values of q that are not hemisystems. This proves that there does not exist in higher dimensions an analogue of the result that a regular system of H(3, q 2 ) is a hemisystem.
Orthogonal polarities commuting with a unitary polarity
The notion of commuting polarities was introduced by J. Tits in 1955 [15] . Ten years later, B. Segre in his outstanding paper [11] , completely devoted to the geometry of Hermitian varieties, developed the theory of polarities commuting with a nondegenerate unitary polarity defined on a finite projective space giving rise to one of the most beautiful and deeper "chapters" of finite geometries.
In this Section we describe the geometry arising from commuting orthogonal and unitary polarities.
For the reader's convenience, some facts about the Hermitian variety H(5, q 2 ) are summarized below.
In PG(5, q 2 ) a non-singular Hermitian variety is defined to be the set of all absolute points of a non-degenerate unitary polarity, and is denoted by H(5, q 2 ).
A Hermitian variety H ∼ = H(5, q 2 ) has the following properties, for which [11] , [8] , are excellent sources.
Let B be an orthogonal polarity commuting with the Hermitian polarity U associated with H(5, q 2 ). Set V = BU = UB. Then V is a non-linear collineation and from [11] , the fixed points of V on H(5, q 2 ) form a non-degenerate quadric Q. In particular, Q = H(5, q 2 ) ∩ 0 , where 0 is a suitable subgeometry of isomorphic to PG (5, q) .
Hence, the projective orthogonal group P GO 6 (q), = ±, associated with V is seen to be a subgroup of the projective unitary group P GU 6 (q 2 ) associated with U .
In terms of forms, let us assume that (V , g) is a 6-dimensional unitary space over F = GF (q 2 ). Let K be the subfield of index two of F . Choose a basis
It turns out that the restrictionḡ of g to W is a non-degenerate symmetric bilinear form. If B is an orthonormal basis, then the discriminant ofḡ is a square. By replacing v 1 by ωv 1 , where ω is a generator of GF (q 2 ) * , the discriminant ofḡ is a non-square. Therefore, we obtain embeddings O 6 < GU 6 (q 2 ) for both = + and = −. It follows that P GO
Straightforward computations show that each of these quadrics is hyperbolic and any two of them intersect in the parabolic quadric P, given by the equation From [11, p. 146 ] each quadric Q a is permutable with H. In particular, Assume that Q = H ∩ 0 is elliptic and let G 1 denote the stabilizer of
First of all we give some information on the orbits of G 1 on singular points of H. To this aim, we will need the following result due to M. Sved [12] . Next, we prove the following proposition.
Proposition 2.2 The group G 1 has four orbits on singular points of H.
Proof It is sufficient to show that G 1 has three orbits on points of H \ Q. An orbit, say I , consists of points lying on GF (q 2 )-extended lines of Q. Let P be a point of H \ Q ∪ I . From Lemma 2.1, P ⊥ ∩ , where P G(5, q), is not a PG(4, q), as P ∈ , thus it is a PG(3, q), say W. It turns out that W cannot be tangent to Q, as W extends to a tangent solidW to H, andW ⊥ is also tangent to H, andW ∩ Q = W ⊥ ∩ Q, so no point of H \ Q ∪ I has its polar hyperplane containing W. Two orbits of G correspond to the two cases W is of −-type or of +-type. By Witt's theorem, the isometry group of Q is transitive both on 3-dimensional −-sections and +-sections of Q, and these isometries extend to H via the embedding O − 6 (q) ≤ U 6 (q 2 ). Hence, it is sufficient to show that the stabilizer of a 3-dimensional section W ∩H in P SO − 6 (q) is transitive on points P of H \ Q ∪ I polar to W ∩ H, in both cases. If W is of +-type, thenW ⊥ ∩ W is an external line to Q, and |W ⊥ ∩ H| = q + 1. Here, the¯notation denotes the extension of the line W ⊥ to a line over GF (q 2 ). The cyclic group of order q +1, C q+1 ≤ P SO
The G 1 -orbits have sizes: (q + 1)(q 3 + 1), (q 2 + 1)(q 3 + 1)(q 2 − q), q 4 (q 3 + 1)(q 2 − 1)/2, q 4 (q 3 + 1)(q 2 + 1)/2: they are points on Q, points on GF (q 2 )-extended lines of Q but not on Q, points on generators of H meeting Q at a line and complement of these in H.
Proposition 2.3 G 1 has three orbits on planes of H.
Proof First of all we observe that no generator of H can be disjoint from Q. Indeed an easy counting argument shows that a generator of H either meets Q at a line or at a point or it is disjoint from Q and meets I at a non-degenerate conic. The three orbits have size (q + 1)(q 3 + 1)(q 3 + 1), (q + 1)(q 3 + 1)(q 4 − q) and (q + 1)(q 3 + 1) (q 5 − q 4 − q 2 + q), respectively. Assume now that Q = H ∩ 0 is hyperbolic. Let G 2 denote the stabilizer of Q in P SU 6 (q 2 ). From [4, Proposition 2.2], it turns out that G 2 = P GO
Proposition 2.4 The group G 2 has four orbits on singular points of H.
Proof It is sufficient to show that G 2 has three orbits on singular points of H \ Q. An orbit, say I , consists of points lying on GF (q 2 )-extended planes of Q. Let P be a point of H \ Q ∪ I . From Lemma 2.1, P ⊥ ∩ , where P G(5, q), is not a PG(4, q), as P ∈ , thus it is a PG (3, q) , say W. It turns out that W cannot be tangent to Q, as W extends to a tangent solidW to H, andW ⊥ is also tangent to H, and W ∩ Q =W ⊥ ∩ Q, so no point of H \ Q ∪ I has its polar hyperplane containing W. Two orbits of G 2 correspond to the two cases W is of −-type or of +-type. By Witt's theorem, the isometry group of Q is transitive both on 3-dimensional −-sections and +-sections of Q, and these isometries extend to H via the embedding O + 6 (q) ≤ U 6 (q 2 ). Hence, it is sufficient to show that the stabilizer of a 3-dimensional section W ∩ H in P SO + 6 (q) is transitive on points P of H \ Q ∪ I polar to W ∩ H, in both cases. If W is of +-type, thenW ⊥ ∩ W is a secant line to Q, and |W ⊥ ∩ H| = q − 1. Here, the¯notation denotes the extension of the line W ⊥ to a line over GF (q 2 ). The cyclic group of order q − 1, C q−1 ≤ P SO
The G 2 -orbits are points on Q, points on GF (q 2 )-extended planes of Q but not on Q, points on H corresponding to elliptic 3-dimensional sections of Q and points on H corresponding to hyperbolic 3-dimensional sections of Q.
Proposition 2.5 G 2 has four orbits on planes of H.
Proof First of all we observe that no generator of H can be disjoint from Q. Indeed an easy counting argument shows that a generator of H either arises from a plane of Q or meets Q at a line or at a point or it is disjoint from Q and meets I at a nondegenerate conic. The three orbits have size 2(q + 1)(q 2 + 1), (q 4 − 1)(q 2 + q + 1),q 8 + 2q 7 + q 6 − 4q 5 − 10q 4 − 14q 3 − 13q 2 − 8q − 3 and q 9 − 2q 7 − q 6 + 4q 5 + 10q 4 + 13q 3 + 12q 2 + 8q + 3, respectively.
A class of hemisystems on H for all odd prime powers q, admitting P − 6 (q)
In this section we provide a construction of a class of hemisystems of H, q odd, admitting the group P − 6 (q). 
It follows that amalgamation of the first, third and fifth orbit yields a P − 6 (q)-invariant hemisystem. In fact, we see 2 3 = 8 hemisystems admitting this copy of P − 6 (q). Take one, H 1 , of these 8 hemisystems and consider
is normal in T , and so in the stabilizer of H 1 in P U 6 (q 2 ). By [10, Proposition 2.8.2], the normalizer of P − 6 (q) in P U 6 (q 2 ) has 2 orbits of length 4 on the eight hemisystems. Proof By Proposition 2.2, the group G 2 has four orbits on totally isotropic points of H. Under the action of the subgroup P + 6 (q) ≤ G 2 the four G 2 -plane-orbits given in Proposition 2.3 split into eight orbits, two of size (q 3 + q 2 + q + 1) (extended Latin and Greek planes), say O 1 and O 2 , two of size (q 2 + 1)(q 2 + q + 1)(q 2 − 1)/2, say O 3 and O 4 , two of size (q 2 + 1)(q 2 + q + 1)(q 4 + q 3 − 2q 2 − 5q − 3, say O 5 and O 6 , and two of size (q 9 − 2q 7 − q 6 + 4q 5 + 10q 4 + 13q 3 + 12q 2 + 8q + 3)/2. The block-tactical decomposition matrix for this orbit decomposition is ⎡ ⎢ ⎢ ⎢ ⎣
and hence the point-tactical decomposition matrix is In this section we provide a construction of a class of hemisystems of H, q odd, admitting the group P 5 (q). Proof Start from the P + 6 (q)-hemisystem of H. In the geometric setting of Section 2, let P be a parabolic section of Q. Let J = P 5 (q) be the group of P. We have seen that J fixes (q + 1)/2 hyperbolic quadrics of P G(5, q 2 ) all commuting with H such that their intersections with H are Baer hyperbolic quadrics. Under the action of J the orbit O 3 splits into a certain number of orbits (q − 1)/2 of which have size q 3 + q 2 + q + 1 (Greek planes on commuting hyperbolic quadrics). Similarly, the orbit O 4 splits into a certain number of orbits (q − 1)/2 of which have size q 3 + q 2 + q + 1 (Latin planes on commuting hyperbolic quadrics).
It turns out that if we replace a J -orbit in O 3 of size q 3 + q 2 + q + 1 with the corresponding J -orbit of size q 3 + q 2 + q + 1 in O 4 (here by corresponding orbits we mean that they cover the same set of points), and leave fixed the other orbits in the P + 6 (q)-invariant hemisystem constructed above, we get again a hemisystem on H and the new hemisystem is J -invariant. Each copy of P 5 (q) in P U 6 
(q).
By the results on the maximal subgroups of P U 6 (q 2 ) of [9] , it follows that the full stabilizer of H 3 in P U 6 (q 2 ) normalizes P 5 (q).
Derivation
In this Section we provide a derivation technique to obtain regular systems of Hermitian varieties starting from a regular system in higher dimension. Assume that n = 2s + 1. A regular system of order m R of H(n, q 2 ) is said to be of index of regularity s at a point P of H(n, q 2 ), if every subspace of H(n, q 2 ) of dimension s on P lies on a fixed number of generators of R. It is easy to prove that if R has index of regularity s > 0 at P then it has indices of regularity 0, 1, . . . , s − 1 at P . Proposition 6.1 Any regular system R of H(n, q 2 ), n = 2s + 1 ≥ 5, of index 0 < s < s at P gives rise to a regular system S of H(n − 2, q 2 ) of index s − 1.
Proof Let P ⊥ denote the tangent hyperplane to H(n, q 2 ) at P . Choose to be any (n − 2)-subspace of P ⊥ not on P such that ∩ H(n, q 2 ) is nonsingular. Then, the set of (s − 1)-subspaces cut out by members of R on is a regular system S of H(n − 2, q 2 ) of index s − 1.
We now show that both P 6 (q)-hemisystems of H constructed above induce hemisystems of H(3, q 2 ).
Let R be one of the aforementioned hemisystems of H. Let P be a point of H in the orbit corresponding to elliptic sections of Q. Then, from [5] , Stab P 6 (q) (P ) contains the group H = P SL 2 (q 2 ) P − 4 (q). The group H has two orbits on the set R P of generators on P , say R 1 and R 2 of size (q 2 + 1)(q + 1)/2 and (q 3 − q) (q + 1)/2, respectively. The group H has three orbits on subgenerators (lines) on P , say S 1 , S 2 and S 3 , of size q 2 + 1, q 2 (q 2 + 1)(q + 1)/2, q 2 (q 2 + 1)(q − 1)/2, respectively. If we call points the subgenerators on P and blocks the members of R then we get the following block-tactical decomposition matrix for this orbit decomposition It follows that R is also regular of index 1 at P and hence it induces a hemisystem on any solid of P ⊥ not on P . The induced hemisystem is the hemisystem found in [5] admitting the group P −
